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9. Artin's Reciprocity Law 

This section is devoted to a brief presentation of Artin's reciprocity law in the 
classical ideal theoretic language. The central part of this article is devoted to 
studying connections between Artin's reciprocity law and the proofs of the quadratic 
reciprocity law using Gauss's Lemma. 

Let m be a modulus (a formal product of an ideal mo and some infinite primes in 
some number field), and Drn the group of fractional ideals coprime to m. An ideal 
group 7? is a satisfying P^^^ C C Dm- To each finite extension K/F and each 
modulus m we can attach the corresponding Takagi group 

TK/F{m} = {a e : a - Nk/f"^} ■ P!n\ 

where 21 runs through the ideals coprime to m in K, and Pm^ the group of principal 
ideals (a) with a=l mod m. 

The first steps in any approach to class field theory are the two basic inequalities: 

(1) First Inequalitjj^ For any finite extension K/F and any modulus m we 
have 

{Dm : TK/F{m}) < {K : F). 

(2) Second Inequality. If K/F is a cyclic extension, then 

{Dm ■■ Tk,f{v^)) >{K:F) 
for any sufficiently large modulus m. 

Once class field theory is established it turns out that the first inequality can be 
improved to {Dm ■ TV/fItti}) | {K : F), and that the second inequality holds 
for arbitrary abelian extensions. Moreover, the smallest modulus m for which the 
second inequality holds is called the conductor of the extension K/F, and the second 
inequality holds if and only if the modulus m is a multiple of the conductor. 

Cyclotomic Fields. Cyclotomic fields K = Q(Cm) are abelian extensions of Q, 
hence class fields. In fact, the Takagi group of K/Q for the modulus moo is the 
group Tk of ideals {Nfc/Qaj-Ql,^^. Since norms of ideals coprime to m are congruent 
to 1 mod m, we have Tr- — Qi^ 



^moo 



^In Chevalley's idelic approach the order of these inequalities is reversed. 
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Quadratic Fields. For quadratic number fields K = Q{\/d) with discriminant d 
we take m = (c?) if c? > and m = {d)oo if d < 0. Then Ti^/Q{m} consists of all 
fractional ideals in Z that can be written as a product of a norm of an ideal from 
K and a principal ideal (a) with a = 1 mod m. 
Now we claim 

Proposition 9.1. Let K be a quadratic number fields with discriminant d, and set 

\d) ifd>0, 
{d)oo ifd<0 
Then 

TK/Q{ra} = {(a) : (^) = +1}. 

Proof. By definition we have Tx/qim} = {Nx/qq} ■ Pm \ where a runs through the 
ideals coprime to m in K. Since a prime number p \ d is the norm of an ideal from 
K if and only if (^) = +1, the prime factors of A^a all satisfy (^) = +1. This shows 
that 

TK/Q{m} CHm = {(a) : (^) = +1} C D^. 
Since (Dm : Hm) = 2 we find that {Dm : Tx/q{xn}) > 2, and the first inequality 
now implies Dm — Tx/qIiti}. □ 



For proving Prop. |9.1| directly one would have to show that every positive integer 
a coprime to d and satisfying (^) — +1 can be written as a product a — rs, where 
r (if d < then we demand r > 0) is a product of primes p with (^) = +1, and 
s = 1 mod d. 

Artin's Reciprocity Law. Now let H be an ideal group defined mod m; by class 
field theory there is a class field K/F with Galois group Gal{K/F) ~ Dm/H- The 
Artin reciprocity map gives an explicit and canonical isomorphism: for a prime 
ideal p in unramified in K let {^^-^) denote the Frobenius automorphism of a 
prime ideal *p in AT above p. 

Theorem 9.2 (Artin's Reciprocity Law). The symbol ( ^^J^ ) only depends on the 
ideal class of a in Dm/ 1, and the Artin map induces an exact sequence 

1 > H,n > D,n > Gal{K/F) > 1. 

In particular, there is an isomorphism 

Dm/H — > Ga\{K/F) 

between the generalized ideal class group Dm/H and the Galois group Gal{K / F) as 
abelian groups. 

We remark in passing that if F/k is a normal extension, then the Artin isomor- 
phism is an isomorphism of Gal(fc/i^)-modules. 

Quadratic Reciprocity I. Already the fact that the Artin map in quadratic num- 
ber fields is constant on the cosets of Dm/H implies the quadratic reciprocity law. 
In fact, we may identify the Artin symbol (^^^^) with the Kronecker symbol (^), and 
the claim that this only depends on the class generated by {p) in Dm/T]^/Q{(d)oo} 
(compare Prop. 9.1) means that (^) = (^) for all primes p = q mod doo. This is 
Euler's formulation of the quadratic reciprocity law, which in turn is easily seen to 
be equivalent to Legendre's version (see [?])■ 
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Quadratic Reciprocity II. Let p be a positive prime and put p* — (— 1)^^'"^-'/^^; 
thenp* = 1 mod 4. The quadratic number field K = Q(\/p* ) is a class field modulo 
poo of Q; in fact its associated ideal group is the group I^Ppoo, where / is the group 
of all fractional ideals in Q coprime to p, and Ppoo = {{o) G / : a = 1 mod poo}. 
Now observe that an odd prime q ^ p splits 

• in the Kummer extension X/Q if and only if {p* /q) = +1; 

• in the class field /C/Q if and only if g = mod poo, that is, if and only if 
g > and {q/p) = +1. 

Comparing these decomposition laws implies the quadratic reciprocity law (p* /q) = 
{q/p) for positive primes p, 9. Observe that the Legendre symbol {q/p) giving the 
decomposition in the class field can be identified with the Artin symbol for the 
quadratic extension, which in turn is defined as the Frobenius automorphism of 



In this section we will show that the transfer map, which was first defined by 
Schur, shows up naturally in class field theory. In the next section we will show 
that Gauss's Lemma in the theory of quadratic residues is an example of a transfer, 
and give a class field theoretical interpretation of its content. As an application, 
we will prove the quadratic reciprocity law using the transfer in the incarnation of 
Gauss's Lemma. 

Consider the following situation: let be a number field, L/F an abelian ex- 
tension, and K/F some subextension. Let G — Ga,\{L/F) and set U = Gal{L/K). 
Then L is a class field of K with respect to some ideal group /j^ , and this ideal 
group is contained in Tl/f, which describes L as a class field over K. Ideals in the 
principal class in F are also contained in the principal class in K. 

It is therefore a natural question to ask how the Artin symbols (^^^) and (^^^^) 
are relatecrl We know that the Artin map induces isomorphisms 



K/Q 



10. The Transfer Map 
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Figure 1. 



Observe that the ideal a in {^f) should more exactly be written as aOp- In particular, one 
has to recall that in the symbol ( "^p"^ ) , the prime ideal p in K need not be prime anymore in F 
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It follows from the above that the map sending (^^^) ' — > (^^V^) induces a 
group homomorphism Vg-^u '■ G — > U. The homomorphism Vg^u is called the 
transfer ( Verlagerung) , and can be computed explicitly as follows: let G — [JriU 
be a decomposition of G into disjoint cosets rjU. For g G G write gvi = rjUj for 
Uj e Uj, and set 

Vg^u{9) = 1[u^-U\ 

3 

where U' is the commutator subgroup of U . 



Transfer in Abelian Groups. Although the transfer map is usually connected 
with nonabelian groups since the transfer G/G' — > G' /G" , where G — Gal{K°° / K) 
and K°° is the Hilbert class field of K, is used for studying the capitulation of ideal 
classes from K in subfields of its Hilbert class field K^, the transfer can also be 
used for abelian groups: 

Lemma 10.1. Let U be a subgroup of an abelian group G, and assume that G/U 
is a cyclic group of order f . Then Vg^u{^) = for all x £ G . 

Proof. Let z[/ be a generator of G/C/, and write G = U^JzU^J. . .[Jz^~^U . Given any 
X G G, we can write x = z^u for some u G U and find V{x) = V{z^u) = V{zyV{u); 
thus we only need to compute V{u) and V{z). 

(1) Since u ■ x^ — x^hj{u) for hjiu) — u, we find V{u) = Yi hj{u) = . 

(2) Here z-z^ ^ z^+\ hence hj{z) = 1 for 1 < j < / -2 and = zf eU. 
Thus V{z) ^ zf. 

Now V{x) — V{z^u) = z^^u^ ~ x^ as claimed. □ 

If J7 is a subgroup of Klein's four group G with order 2, then Vg^u is the trivial 
map. There are also examples where V is surjective: 

Corollary 10.2. If U is a subgroup of a finite cyclic group G, then the transfer 
Vg^U is surjective. 

Proof. Let G — (g); then V{g) — gC^-'^) generates a subgroup of order #J7, and 
since U is the unique subgroup of G with this order, the claim follows. □ 

Now assume that L/F is a cyclic extension, and let K/F be the subextension 
fixed by some subgroup [/ of G = Gal(L/F) (see Fig. [T]). The transfer map Vq^u 



is surjective by Cor. 10.2 and its kernel H fixes a subextension F'/F. Observe 
that Gal(F7F) c± G / H U c:i G&\{L/K). Thus the transfer map gives us an 
isomorphism between these two Galois groups: 

Proposition 10.3. Let L/F be a cyclic extension as above, and let p be a prime 
ideal in F unramified in L. Then VG-fU induces an isomorphism 

G/H ~ Gal(i^7F) — > Ga\{L/K) ~ U. 

In particular, the order of Up ■ H is equal to the order of V{ap); this implies in 
particular that p G Spl(-F'/-F) if and only if ffp G kerl^. 
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11. Gauss's Lemma and The Quadratic Reciprocity Law 

Gauss gave eight proofs of the quadratic reciprocity law: his first proof was 
by induction and used the existence of auxiliary primes discussed in [5]. Gauss's 
second proof was based on the genus theory of binary quadratic forms and became 
the role model for Kummer's proof of the p-th power reciprocity law in Q(Cp) 
for regular primes; the inequality between the number of genera and the number 
of ambiguous ideal classes, which was the central point in Gauss's second proof, 
became an important tool in Takagi's version of class field theory. 

Gauss's third proof used what became known as Gauss's Lemma in the theory 
of quadratic residues. In this section, we will show that it has a natural class field 
theoretic interpretation. 

Let p — 2m + 1 be an odd prime and a an integer coprime to p. A half system 
modulo p is a, set A — {ai, . . . ,a„i} of integers aj with the property that every 
coprime residue class modulo p has a unique representative in A or in —A. Thus 
for every 1 < j < to we can write a ■ aj = SjO-Trij) ^^'^ Pi where Sj € {±1} and 
where tt is a permutation of A. Gauss's Lemma says that the Legendre symbol (^) 
is just the product Sj of signs in these to congruences. 

Now consider the ideal group H consisting of all ideals (a) with a > and 
a = 1 mod p. The corresponding class field Q{m} with m = poo is = Q(C): the 
field of p-th roots of unity, and the Artin map sends a residue class a mod poo to 
the automorphism CTq : C i — > C"- We can identify the ideal class group G = D^/H 
with the group (Z/pZ)^ by choosing positive generators of ideals. 

Lemma 11.1. The subgroup U of G = (Z/pZ)'^ generated by the residue class 
— 1 mod p fixes the maximal real subfield = Q(Cp + CfT"'^) of K = Q(Cp)7 cind the 
transfer Vg~^u satisfies V(a) = (^) mod p. 

Proof. Sinc e G is abclian, the transfer map Vg-^u is a homomorphism V : G ^ U. 



By Lemma 10.1 we have V(a) = a(P-i)/2 mod p. The claim now follows from 



Euler's criterion. □ 

The formula for V{a) in Lemma |11.1| is Gauss's Lemma. It was observed by 
various mathematicians that Gauss's Lemma is an example of the group theoreticl 
transfer map; see e.g. Cartier [5], Delsarte [3], Leutbecher [S] and Waterhouse [5]. 
The full class field theoretic interpretation given above seems to be new. 

Let us now exploit the actual content of the transfer map, namely the connection 



with the decomposition of prime ideals given in Prop. 10.3 since G is cyclic, the 



map V : G — > U is onto by Cor 10. 2[ and H = keiV is an ideal group whose 



class field is the quadratic subfield k — Q{\/p*) of K. By Prop. 10.3 



we have 

q E Spl(fc/Q) if and only if V{aq) — (|) — 1; since q splits in k/Q if and only if 
(y) = 1, we deduce 

Theorem 11.2. The Quadratic Reciprocity Law: for two distinct odd primes p and 
q, we have 

t) ^ (1 

Observe that this proof does not require the full power of class field theory; it only 
uses Artin's reciprocity law for cyclotomic extensions of Q (which, as we have seen, 
was proved by Dedekind) , standard properties of the Frobenius automorphism, and 
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a calculation of the transfer map (Gauss's Lemma). Actually the transfer map can 
be eliminated from our arguments, giving the well known proof of the reciprocity 
law by comparing the splitting of primes in quadratic and cyclotomic extensions. 
The proof above showing that Gauss's lemma comes up more or less naturally in 
the class field theoretical context has a certain charm, however, and perhaps helps 
to explain why Gauss's Lemma can be used for proving the quadratic reciprocity 
law. 

In fact, most of the elementary proofs of the quadratic reciprocity law used some 
form of Gauss's Lemma (see 7J), and backed with a lot of slicker proofs (see e.g. 
@]) it is quite easy to look down upon them; maybe the exposition above can help 
to rehabilitate Gauss's Lemma somewhat. 
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